We compute the fermionic contribution to the photon-quark form factor to four-loop order in QCD in the planar limit in analytic form. As a by-product, the cusp and collinear anomalous dimensions are obtained. The corresponding Feynman integrals are four-loop vertex integrals with two legs on the light cone. To evaluate them we introduce an additional scale, i.e. consider only one leg on the light cone, and apply the method of differential equations.
Introduction
One of the important tasks of modern high-energy particle physics is the development of new methods to compute quantum corrections to physical cross sections. This is particularly important in the context of Quantum Chromodynamics (QCD) where higher order corrections often have a significant numerical impact. Here we discuss the evaluation [1] of a next-to-next-to-next-tonext-to-leading order (N 4 LO) contribution to a three-point function within QCD. We consider the photon-quark form factor, which is a building block for N 4 LO cross sections. Namely, it is a gauge-invariant part of virtual forth-order corrections for the process e + e − → 2 jets, or for DrellYan production at hadron colliders.
Let Γ µ q be the photon-quark vertex function. Then the scalar form factor is defined by
where D = 4− 2ε is the space-time dimension, q = p 1 + p 2 and p 1 (p 2 ) is the incoming (anti-)quark momentum. We consider the leading order of the large-N c expansion of F q (q 2 ). As a result we only have to consider the contributions of planar Feynman diagrams.
Results for F q can be used to probe the infrared structure of gauge theories. Form factors encapsulate universal infrared contributions coming from soft exchanges between two partons. The general form of the latter is known [2, 3, 4, 5, 6, 7] and depends on cusp and collinear anomalous dimensions.
Two-loop corrections to F q have been computed more than 25 years ago [8, 9, 10, 11] . The first three-loop result has been presented in Ref. [12] and has later been confirmed in Ref. [13] . Analytic results for the three-loop form factor integrals were presented in Ref. [14] . In Ref. [15] , the results of Ref. [14] have been used to compute F q at three loops up to order ε 2 , i.e., transcendental weight eight, as a preparation for the four-loop calculation.
In our calculation we obtain the fermionic corrections to F q in the large-N c limit, to the fourloop order. Let us emphasize that the time passed between the evaluation of three-loop corrections and the first four-loop correction is essentially less than the corresponding difference between twoand three-loop calculations. It looks like this happened because of the development of powerful methods to evaluate multiloop Feynman integrals.
Other attempts to calculate similar form factors or master integrals were reported on in Refs. [16, 17, 18] . The evaluation of the master integrals in Refs. [16, 17] was performed only by numerical methods while Ref. [18] presents results only for some individual integrals in an analytical form.
In the next section we briefly outline our calculation and present results for the form factor and for the cusp and collinear anomalous dimensions. The next section is dedicated to the classification and evaluation of the master integrals. Then we present our conclusions.
Results
We generate the Feynman amplitudes with the help of qgraf [19] and transform the output to FORM [20, 21] notation using q2e and exp [22, 23] . For the reduction to master integrals we use the program FIRE [24, 25, 26] which we apply in combination with LiteRed [27, 28] . Relations
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between primary master integrals occurring in the reduction tables are revealed with the help of tsort, which is part of the latest FIRE version [26] , and based on ideas presented in Ref. [25] . This leads to 78 master integrals needed for the fermionic part. More generally, we find that a total of 99 master integrals are sufficient for arbitrary planar integrals. They are all computed as described in the next section.
In our calculation we allow for a generic QCD gauge parameter ξ and expand the Feynman diagrams around ξ = 0, which corresponds to Feynman gauge, up to linear order. We checked that ξ drops out before inserting explicit results for the master integrals.
In the following we present results for the form factor F q and the related anomalous dimensions. F q is conveniently shown in terms of the bare strong coupling constant. In that case the perturbative expansion of F q can be cast in the form
Analytic results for F (n) q , with n ≤ 3, expanded in ε up to transcendental weight eight can be found in Ref. [15] . We refrain from repeating them here.
The main result of this letter is the fermionic contribution to F where the ellipses stand for n f -independent contributions. The cusp and collinear anomalous dimension is conveniently extracted from log(F q ) (after renormalization of α s ). The coefficients of the cusp and collinear anomalous dimensions are defined through
3) with x ∈ {cusp, q}. The anomalous dimension γ cusp can be extracted from the coefficient of the quadratic, and γ q from the first-order pole in ε. In the large-N c limit we obtain for γ cusp 
Evaluating master integrals
In our calculation, we are dealing with the following family of planar Feynman integrals:
This family can be decomposed into several subfamilies whete certain subsets of the 12 indices can be positive.
After solving integration-by-parts identities [37] with the latest version of the program FIRE [24, 25, 26] we reveal 99 master integrals. To evaluate them analytically we follow the idea of Ref. [38] and introduce an additional scale considering one more leg off the light cone, i.e. p 2 2 = 0. This enables us to apply the powerful machinery of the method of differential equations [39, 40, 41, 42] by deriving and then solving differential equations with respect to x = p 2 2 /p 2 3 . For this family of integrals which are functions of x, FIRE gives 504 master integrals. Then we follow the strategy of Ref. [42] (see also [43] ) where it was suggested to turn to a so-called canonical basis. We used the recipes formulated in [42, 43] to achieve this goal. In particular, it s helpful to select basis integrals that have constant leading singularities [44] .
The system of differential equations in our canonical basis f has the following form
where a and b are some constant (i.e. x-and ε-independent) 504 × 504 matrices. The special features of this form are the manifest Fuchsian property of the singularities, i.e. only single poles
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in x = 0, 1, ∞ are present on the right-hand side of Eq. (3.2), and the fact that the right-hand side is proportional to ε. The latter property can be achieved for iterated integrals. Here, it implies that the solution, to any order in ε, can be written in terms of iterated integrals over the kernels dx/x and dx/(x − 1), i.e. in terms of harmonic polylogarithms [45] . We fix the boundary values at x = 1 by demanding regularity of the integrals in this limit and using explicit results for some propagator type integrals. They can be determined easily: in most cases, the boundary value is zero due to kinematical factors. Otherwise one can use results for propagator type integrals available in the literature, see, in particular, four-loop analytic results in [46, 47, 48] .
We then use the differential equation (3.2) to transport this boundary value back to x = 0. (In mathematical language, we construct the Drinfeld associator, perturbatively in ε.) Finally, unlike the x → 1 limit, the x → 0 limit is singular, in the sense that the matrix exponential x εa contains several terms x εα , with α = 0. These non-zero values of α correspond to contributions of various regions [49, 50, 51] to the asymptotic expansion in the given limit. The on-shell integrals we would like to compute correspond to the so-called "hard" region with α = 0.
In order to determine to the on-shell integrals, we reduce the basis f for on-shell kinematics, expressing it in terms of 99 on-shell master integrals. We then match the expression so obtained to the hard region at x = 0. We find that this determines all the 99 integrals (naturally, some of the 504 equations are redundant). In order to carry out these algebraic manipulations, we successfully applied the Mathematica package HPL.m [52] .
Our results for all the master integrals, both with two legs on the light cone and with one leg on the light cone will be published elsewhere. This is an example of our result for the integral  F 0,0,1,1,1,1,0,1,0,1,1,−2,1,1,1,1,0 
Conclusion
A natural extension of this work is to apply the planar master integrals we computed to evaluate the non-fermionic planar contribution, where the integral reduction is more complicated. The master integrals involved in this calculation are the 99 master integrals which we have already evaluated. The integration-by-parts reduction tunrs out to be more complicated. A typical time scale for a reduction job for a individual family of integrals (where indices for a specific subset consisting of 12 indices in (3.1) can be positive) in the present calculation was one month while for the non-fermionic planar contribution, more time is required. Furthermore, we expect that the methods discussed in this paper can also be applied to non-planar form factor integrals.
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